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We obtain Mathisson-Papapetrou-Tulczyjew-Dixon equations of a rotating body with given val-
ues of spin and momentum starting from Lagrangian action without auxiliary variables. MPTD-
equations correspond to minimal interaction of our spinning particle with gravity. We shortly discuss
some novel properties deduced from the Lagrangian form of MPTD-equations: emergence of an ef-
fective metric instead of the original one, non-commutativity of coordinates of representative point of
the body, spin corrections to Newton potential due to the effective metric as well as spin corrections
to the expression for integrals of motion of a given isometry.
I. INTRODUCTION
The description of spinning bodies in general relativity is an old subject, which is under intensive study over the
last 70 years. The first results concerning equations of motion of a test body in a given background were reported
by Mathisson [1] and Papapetrou [2]. They assumed that the structure of test body can be described by a set of
multipoles and have taken the approximation which involves only first two terms (the pole-dipole approximation).
The equations are then derived by integration of conservation law for the energy-momentum tensor, T µν ;µ = 0. A
manifestly covariant formulation was given by Tulczyjew [3] and Dixon [4] and is under detailed investigation by
many groups. In this work we will refer the equations (6.31)-(6.33) in [4] as MPTD-equations. Detailed analysis and
interpretation of these equations and their generalizations [6–20] is an actual task since they are widely used now to
account spin effects in compact binaries and rotating black holes, see [21–26] and references therein.
It should be interesting to obtain these equations starting from an appropriate Lagrangian action. The vector
models of spin yields one possible way to attack the problem. In these models, the basic variables in spin-sector are
non-Grassmann vector ωµ and its conjugated momentum πµ. The spin-tensor is a composed quantity constructed from
these variables, Sµν = 2(ωµπν−ωνπµ). To have a theory with right number of physical degrees of freedom for the spin
(two for an elementary particle with spin one-half, and three for a rotating body in the pole-dipole approximation),
some constraints on the eight basic variables must be imposed. This is the main difficulty: besides the equations of
motion, the variational problem should produce these constraints. Even for the free theory in flat space, this turns out
to be rather non trivial problem [27–31]. Here we propose the Lagrangian action without auxiliary variables which,
besides the equations of motion, yields all the desired constrains.
To point out some advantages of the vector model, let us compare it with the approach developed in [32] for the
description of relativistic top [27] in curved background. First, in the vector model we have four basic variables in
spin-sector instead of six (called φa in [32]) for the top. Taking into account that we present the Lagrangian without
auxiliary variables, the vector model yields more economic formulation. Second, our primary constraints (see T6 and
T7 below) follow from the variational problem and yield the spin supplementary condition (27). In the work [32] the
condition has been added by hand and then considered as a first-class constraint of the formulation. This implies, in
particular, that all the basic variables (including the position variables) of the theory [32] are unobservable quantities.
Third, the vector model yields two physical degrees of freedom in spin-sector. Hence it can be used for the description
of both a rotating body (see below), and for an elementary particle with spin. In particular, canonical quantization
of the vector model has been considered in [34].
The work is organized as follows. In Section 2 we present Lagrangian action without auxiliary variables1 for our
spinning particle in an arbitrary curved background, and obtain its Hamiltonian formulation. Section 3 contains
detailed derivation and analysis of both Lagrangian and Hamiltonian equations. The particle has fixed value of spin
and two physical degrees of freedom in the spin-sector. We also present a modification which yields the model of
∗Electronic address: wguzman@cbpf.br
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1 Variational problem with four auxiliary variables has been constructed in [33].
2Hanson-Regge type [27], with unfixed value of spin and four physical degrees of freedom. In Section 4 we present
the MPTD-equations in the form convenient for our analysis. Here we follow the ideas of Dixon [4] and add the
mass-shell condition to MPTD-equations, transforming them into the Hamiltonian system. This allows us to compare
MPTD-equations with those of Section 3. We show that the class of trajectories of MPTD-equations with any given
values of integration constants (squares of spin and of momentum) is described by our spinning particle with properly
chosen mass and spin. In section 5 we discuss some novel properties which can be immediately deduced from the
Lagrangian form of MPTD-equations.
Notation. The dynamical variables are taken in arbitrary parametrization τ , then x˙µ = dx
µ
dτ , µ, ν = 0, 1, 2, 3.
Covariant derivative is ∇Pµ = dPµdτ +Γµαβ x˙αP β and curvature is Rσλµν = ∂µΓσλν − ∂νΓσλµ+ΓσβµΓβλν −ΓσβνΓβλµ.
The square brackets mean antisymmetrization, ω[µπν] = ωµπν − ωνπµ. We use the condensed notation x˙µGµν x˙ν =
x˙Gx˙, Nµν x˙
ν = (Nx˙)µ, ω2 = gµνω
µων , and so on. Notation for the scalar functions constructed from second-rank
tensors are θS = θµνSµν , S
2 = SµνSµν .
II. LAGRANGIAN AND HAMILTONIAN FORMULATIONS
The variational problem for vector model of spin interacting with electromagnetic and gravitational fields can be
formulated with various sets of auxiliary variables [33–36]. For the free theory in flat space there is the Lagrangian
action without auxiliary variables. Configuration space consist of the position xµ(τ) and the vector ωµ(τ) attached
to the point xµ. The action reads
S = − 1√
2
∫
dτ
√
m2c2 − α
ω2
√
−x˙Nx˙− ω˙Nω˙ +
√
[x˙Nx˙+ ω˙Nω˙]2 − 4(x˙Nω˙)2. (1)
The matrix Nµν is the projector on the plane orthogonal to ω
ν
Nµν = ηµν − ωµων
ω2
, then Nµνω
ν = 0. (2)
Below we use the notation
T ≡ [x˙Nx˙+ ω˙Nω˙]2 − 4(x˙Nω˙)2 . (3)
The double square-root structure in the expression (1) seem to be typical for the vector models of spin [27]. The
Lagrangian depends on one free parameter α which determines the value of spin. The value α = 3~
2
4 corresponds to
a spin one-half particle. In the spinless limit, α = 0 and ωµ = 0, the equation (1) reduces to the standard expression,
−mc√−x˙µx˙µ. The equivalent Lagrangian with one auxiliary variable λ(τ) is
L =
1
4λ
[
x˙Nx˙+ ω˙Nω˙ − T 12
]
− λ
2
(m2c2 − α
ω2
). (4)
Switching off the spin variables ωµ from Eq. (4), we arrive at familiar Lagrangian of spinless particle L = 12λ x˙
2−λ2m2c2.
In this formulation the model admits interaction with an arbitrary electromagnetic field. The interacting theory is
obtained [36] adding the minimal interaction term, ecAµx˙
µ, and replacing ω˙µ by Dωµ ≡ ω˙µ − λ eµc Fµνων , where µ is
the magnetic moment.
The Frenkel spin-tensor [37] in our model is a composite quantity constructed from ωµ and its conjugated momentum
πµ = ∂L∂ω˙µ as follows:
Sµν = 2(ωµπν − ωνπµ) = (Si0 = Di, Sij = 2ǫijkSk). (5)
Here Si is three-dimensional spin-vector and Di is dipole electric moment [38]. The model is invariant under
reparametrizations and local spin-plane symmetries [39]. The latter symmetry acts on ωµ and πµ but leaves Sµν
invariant. So only Sµν is an observable quantity. In their work [27], Hanson and Regge analyzed whether the spin-
tensor interacts directly with an electromagnetic field, and concluded on impossibility to construct the interaction in
closed form. In our model an electromagnetic field interacts with ωµ from which the spin-tensor is constructed.
The minimal interaction with gravitational field can be achieved by covariantization of the formulation (1). In the
expressions (1)-(3) we replace ηµν → gµν , and usual derivative by the covariant one, ω˙µ → ∇ωµ = dωµdτ + Γµαβ x˙αωβ.
Thus our Lagrangian in a curved background reads
L = − 1√
2
[
m2c2 − α
ω2
] 1
2
√
−x˙Nx˙−∇ωN∇ω +
√
[x˙Nx˙+∇ωN∇ω]2 − 4(x˙N∇ω)2
3≡ − 1√
2
[
m2c2 − α
ω2
] 1
2
L0. (6)
Velocities x˙µ, ∇ωµ and projector Nµν transform like contravariant vectors and covariant tensor, so the action is
manifestly invariant under general-coordinate transformations.
Let us construct Hamiltonian formulation of the model (6). Conjugate momenta for xµ and ωµ are pµ =
∂L
∂x˙µ and
πµ =
∂L
∂ω˙µ respectively. Due to the presence of Christoffel symbols in ∇ωµ, the conjugated momentum pµ does not
transform as a vector, so it is convenient to introduce the canonical momentum
Pµ ≡ pµ − Γβαµωαπβ , (7)
the latter transforms as a vector under general transformations of coordinates. Manifest form of the momenta is as
follows:
Pµ =
1√
2L0
[
m2c2 − α
ω2
] 1
2
[Nµν x˙
ν −Kµ] (8)
πµ =
1√
2L0
[
m2c2 − α
ω2
] 1
2
[Nµν∇ων −Rµ] , (9)
with
Kµ = T
−1/2 [(x˙Nx˙+∇ωN∇ω)(Nx˙)µ − 2(x˙N∇ω)(N∇ω)µ] ,
Rµ = T
−1/2 [(x˙Nx˙+∇ωN∇ω)(N∇ω)µ − 2(x˙N∇ω)(Nx˙)µ] .
These vectors obey the following algebraic identities
K2 = x˙Nx˙ , R2 = ∇ωN∇ω , KR = −x˙N∇ω , x˙R+∇ωK = 0, Kx˙+R∇ω = T 12 . (10)
Using (2) we conclude that ωπ = 0 and Pω = 0, that is we found two primary constraints. Using the relations (10)
we find one more primary constraint Pπ = 0. Besides, computing P 2 + π2 given by (8) and (9) we see that all the
terms with derivatives vanish, and we obtain the last primary constraint
T1 ≡ P 2 +m2c2 + π2 − α
ω2
= 0 . (11)
In the result, the action (6) implies four primary constraints, T1 and
T5 ≡ ωπ = 0, T6 ≡ Pω = 0, T7 ≡ Pπ = 0 . (12)
The Hamiltonian is constructed excluding velocities from the expression
H = pµx˙+ πω˙ − L+ λiTi ≡ P x˙+ π∇ω − L+ λiTi , (13)
where λi (i = 1, 5, 6, 7) are the Lagrangian multipliers associated with the primary constraints. From (8) and (9), we
observe the equalities P x˙ = (
√
2L0)
−1(m2c2− αω2 )
1
2 [x˙Nx˙− x˙K] and π∇ω = (√2L0)−1(m2c2− αω2 )
1
2 [∇ωN∇ω−∇ωR].
Together with (10) they imply P x˙ + π∇ω = L. Using this in (13), we conclude that the Hamiltonian is composed
from the primary constraints
H =
λ1
2
(
P 2 +m2c2 + π2 − α
ω2
)
+ λ5(ωπ) + λ6(Pω) + λ7(Pπ) . (14)
The full set of phase-space coordinates consists of the pairs xµ, pµ and ω
µ, πµ. They fulfill the fundamental Poisson
brackets {xµ, pν} = δµν and {ωµ, πν} = δµν , then {Pµ, Pν} = Rσλµνπσωλ, {Pµ, ων} = Γνµαωα, {Pµ, πν} = −Γαµνπα.
For the quantities xµ, Pµ and Sµν these brackets imply the typical relations used by people for spinning particles in
Hamiltonian formalism
{xµ, Pν} = δµν , {Pµ, Pν} = −
1
4
RµναβS
αβ, {Pµ, Sαβ} = ΓαµσSσβ − ΓβµσSσα ,
{Sµν , Sαβ} = 2(gµαSνβ − gµβSνα − gναSµβ + gνβSµα) . (15)
4To reveal the higher-stage constraints and the Lagrangian multipliers we study the equations T˙i = {Ti, H} = 0. T5
implies the secondary constraint
T˙5 = 0 ⇒ T3 ≡ π2 − α
ω2
≈ 0, (16)
then T1 can be replaced on P
2 +m2c2 ≈ 0. Preservation in time of T7 and T6 gives the Lagrangian multipliers λ6
and λ7
λ6 =
λ1R(pi)
2M2c2
, λ7 = −
λ1R(ω)
2M2c2
, (17)
where we have denoted
R(pi) = 2Rαβµνω
απβπµP ν , R(ω) = 2Rαβµνω
απβωµP ν . (18)
M2 = m2 +
1
c2
Rαµβνω
απµωβπν ≡ m2 + 1
16c2
θS , (19)
θµν ≡ RαβµνSαβ . (20)
Preservation in time of T1 gives the equation λ6R(ω) + λ7R(pi) = 0 which is identically satisfied by virtue of (17).
No more constraints are generated after this step . We summarize the algebra of Poisson between the constraints in
the Table I. T6 and T7 represent a pair of second-class constraints, while T3, T5 and the combination
T0 = T1 +
R(pi)
M2c2
T6 −
R(ω)
M2c2
T7 , (21)
are the first-class constraints. The presence of two primary first-class constraints T5 and T0 is in correspondence
with the fact that two Lagrangian multipliers remain undetermined. This also is in agreement with the invariance
of our action with respect to two local symmetries mentioned above. Taking into account that each second-class
constraint rules out one phase-space variable, whereas each first-class constraint rules out two variables, we have the
right number of spin degrees of freedom, 8− (2 + 4) = 2.
We point out that the first-class constraint T3 = π
2 − αω2 ≈ 0 can be replaced on the pair
π2 = const, ω2 = const, (22)
this gives an equivalent formulation of the model. The Lagrangian which implies the constraints (12) and (22) has
been studied in [33–35, 40]. Hamiltonian and Lagrangian equations for physical variables of the two formulations
coincide [36], which proves their equivalence.
Using (17), we can present the Hamiltonian (14) in the form
H =
λ1
2
(
P 2 +m2c2 +
R(pi)(Pω)−R(ω)(Pπ)
M2c2
)
+
λ1
2
(
π2 − α
ω2
)
+ λ5(ωπ) . (23)
III. EQUATIONS OF MOTION
The dynamics of basic variables is governed by Hamiltonian equations z˙ = {z,H}, where z = (x, p, ω, π), and the
Hamiltonian is given in (23). The equations can be written in a manifestly covariant form as follows:
x˙µ = λ1
[
Pµ + (2M2c2)−1(R(pi)ω
µ −R(ω)πµ)
]
, (24)
∇Pµ = Rαβµνπαωβ x˙ν , (25)
∇ωµ = −λ1
R(ω)
2M2c2
Pµ + λ5ω
µ + λ1π
µ , ∇πµ = −λ1
R(pi)
2M2c2
Pµ − λ5πµ − λ1ωµ
ω2
. (26)
Neither constraints nor equations of motion do not determine the functions λ1 and λ5. Their presence in the equations
of motion implies that evolution of our basic variables is ambiguous. This is in correspondence with two local
symmetries presented in the model. According to general theory [41–43], variables with ambiguous dynamics do not
5TABLE I: Algebra of constraints
T1 T3 T5 T6 T7
T1 = P
2 +m2c2 0 0 0 R(ω) R(pi)
T3 = pi
2
−
α
ω2
0 0 −2T3 −2T7 −2T6/ω
2
T5 = ωpi 0 0 0 −T6 T7
T6 = Pω −R(ω) 2T7 T6 0 −M
2c2
T7 = Ppi −R(pi) 2T6/ω
2
−T7 M
2c2 0
represent observable quantities, so we need to search for variables that can be candidates for observables. Consider
the antisymmetric tensor (5). Aa a consequence of T6 = 0 and T7 = 0, this obeys the Tulczyjew supplementary
condition
SµνPν = 0 . (27)
Besides, the constraints T3 and T5 fix the value of square
SµνSµν = 8α, (28)
so we identify Sµν with the Frenkel spin-tensor [37]. The equations (27) and (28) imply that only two components of
spin-tensor are independent, as it should be for spin one-half particle. Equations of motion for Sµν follow from (26).
Besides, using (18) we express equations (24) and (25) in terms of the spin-tensor. This gives the system
x˙µ = λ1
[
Pµ +
1
8M2c2
SµβθβαP
α
]
, (29)
∇Pµ = −1
4
RµναβS
αβ x˙ν ≡ −1
4
θµν x˙
ν , (30)
∇Sµν = 2(Pµx˙ν − P ν x˙µ) , (31)
where θ has been defined in (20). Eq. (31), contrary to the equations (26) for ω and π, does not depend on λ5. This
proves that the spin-tensor is invariant under local spin-plane symmetry. The remaining ambiguity due to λ1 is related
with reparametrization invariance and disappears when we work with physical dynamical variables xi(t). Equations
(29)-(31) together with (27) and (28), form a closed system which determines evolution of a spinning particle.
To obtain the Hamiltonian equations we can equally use the Dirac bracket constructed with help of second-class
constraints
{A,B}D = {A,B} − 1
M2c2
[{A, T6}{T7, B} − {A, T7}{T6, B}] . (32)
Since the Dirac bracket of a second-class constraint with any quantity vanishes, we can now omit T6 and T7 from
(23), this yields the Hamiltonian
H1 =
λ1
2
(
P 2 +m2c2
)
+
λ1
2
(
π2 − α
ω2
)
+ λ5(ωπ) . (33)
Then the equations (24)-(26) can be obtained according the rule z˙ = {z,H1}D. The quantities xµ, Pµ and Sµν ,
being invariant under spin-plane symmetry, have vanishing brackets with the corresponding first-class constraints T3
and T5. So, obtaining equations for these quantities, we can omit the last two terms in H1, arriving at the familiar
relativistic Hamiltonian
H2 =
λ1
2
(
P 2 +m2c2
)
. (34)
6The equations (29)-(31) can be obtained according the rule z˙ = {z,H2}D. From (34) we conclude that our model
describe spinning particle without gravimagnetic moment. In the Hamiltonian formulation, equations of motion with
gravimagnetic moment κ have been proposed by Khriplovich [9, 21] adding non minimal interaction λ12
κ
16RµναβS
µνSαβ
to the expression for H2. It would be interesting to find the corresponding Lagrangian formulation of the model.
Similarly to the spinless particle, we can exclude momenta Pµ from the Hamiltonian equations by using the mass-
shell condition. This yields second-order equation for the particle’s position xµ(τ) (so we refer the resulting equations
as Lagrangian form of MPTD-equations). To achieve this, we observe that the equation (29) is linear on P
x˙µ = λ1T
µ
νP
ν , with T µν = δ
µ
ν +
1
8M2c2
Sµαθαν . (35)
Using the identity
(SθS)µν = −1
2
(Sθ)Sµν , where Sθ = Sαβθαβ , (36)
we find inverse of the matrix T
T˜ µν = δ
µ
ν −
1
8m2c2
Sµσθσν , T T˜ = 1 , (37)
so (35) can be solved with respect to Pµ, Pµ = 1λ1 T˜
µ
ν x˙
ν . We substitute Pµ into the constraint P 2 +m2c2 = 0, this
gives expression for λ1
λ1 =
√−Gµν x˙µx˙ν
mc
≡
√−x˙Gx˙
mc
. (38)
We have introduced the effective metric
Gµν ≡ T˜αµgαβ T˜ βν . (39)
From (35) and (38) we obtain expression for Pµ
Pµ =
mc√−x˙Gx˙ T˜
µ
ν x˙
ν =
mc√−x˙Gx˙
[
x˙µ − 1
8m2c2
Sµνθνσx˙
σ
]
, (40)
and Lagrangian form of the Tulczyjew condition
SµνPν = S
µν T˜νσx˙
σ = 0 . (41)
Using the equations (40) and (41) in (30) and (31) we finally obtain
∇
[
T˜ µν x˙
ν
√−x˙Gx˙
]
= − 1
4mc
RµναβS
αβ x˙ν , (42)
∇Sµν = 1
4mc
√−x˙Gx˙ x˙
[µSν]σθσαx˙
α . (43)
These equations, together with the conditions (41) and (28), form closed system for the set (xµ, Sµν). The consistency
of the constraints (41) and (28) with the dynamical equations is guaranteed by Dirac procedure for singular systems.
The Lagrangian considered above yields the fixed value of spin, that is this corresponds to an elementary particle.
Let us present the modification which leads to the theory with unfixed spin, and, similarly to Hanson-Regge approach
[27], with a mass-spin trajectory constraint. Consider the following Lagrangian
L = −mc√
2
√√√√−x˙Nx˙− l2∇ωN∇ω
ω2
+
√[
x˙Nx˙+ l2
∇ωN∇ω
ω2
]2
− 4l2 (x˙N∇ω)
2
ω2
, (44)
where l is a parameter with the dimension of length. Applying the Dirac procedure as in Section II, we obtain the
Hamiltonian
H =
λ1
2
(
P 2 +m2c2 +
π2ω2
l2
)
+ λ5(ωπ) + λ6(Pω) + λ7(Pπ) , (45)
7which turns out to be combination of the first-class constraints P 2 + m2c2 + pi
2ω2
l2 = 0, ωπ = 0 and the second-
class constraints Pω = 0, Pπ = 0. The Dirac procedure stops on the first stage, that is there are no of secondary
constraints. As compared with (6), the first-class constraint π2 − αω2 = 0 does not appear in the present model. Due
to this, square of spin is not fixed, S2 = 8(ω2π2−ωπ) ≈ 8ω2π2. Using this equality, the mass-shell constraint acquires
the string-like form
P 2 +m2c2 +
1
8l2
S2 = 0. (46)
The model has four physical degrees of freedom in the spin-sector. As the independent gauge-invariant degrees of
freedom, we can take three components Sij of the spin-tensor together with any one product of conjugate coordinates,
for instance, ω0π0.
IV. MPTD EQUATIONS AND DYNAMICS OF REPRESENTATIVE POINT OF A ROTATING BODY
In this section we discuss MPTD-equations of a rotating body in the form studied by Dixon (for the relation of the
Dixon equations with those of Papapetrou and Tulczyjew see p. 335 in [4])
∇Pµ = −1
4
RµναβS
αβx˙ν ≡ −1
4
(θx˙)µ , (47)
∇Sµν = 2(Pµx˙ν − P ν x˙µ) , (48)
SµνPν = 0, (49)
and compare them with equations of motion of our spinning particle. In particular, we show that the effective metric
Gµν also emerges in this formalism. MPTD-equations appeared in multipole approach to description of a body [1–
8], where the energy-momentum of the body is modelled by a set of multipoles. In this approach xµ(τ) is called
representative point of the body, we take it in arbitrary parametrization τ (contrary to Dixon, we do not assume the
proper-time parametrization, that is we do not add the equation gµν x˙
µx˙ν = −c2 to the system above). Sµν(τ) is
associated with inner angular momentum, and Pµ(τ) is called momentum. The first-order equations (47) and (48)
appear in the pole-dipole approximation, while the algebraic equation (49) has been added by hand2. After that, the
number of equations coincides with the number of variables.
To compare MPTD-equations with those of previous section, we first observe some useful consequences of the system
(47)-(49).
Take derivative of the constraint, ∇(SµνPν) = 0, and use (47) and (48), this gives the expression
(P x˙)Pµ = P 2x˙µ +
1
8
(Sθx˙)µ, (50)
which can be written in the form
Pµ =
P 2
(P x˙)
(
δµν +
1
8P 2
(Sθ)µν
)
x˙ν ≡ P
2
(P x˙)
T˜ µν x˙ν . (51)
Contract (50) with x˙µ. Taking into account that (P x˙) < 0, this gives (P x˙) = −
√−P 2
√
−x˙T˜ x˙. Using this in Eq.
(51) we obtain
Pµ =
√−P 2√
−x˙T˜ x˙
(T˜ x˙)µ, T˜ µν = δµν + 1
8P 2
(Sθ)µν . (52)
For the latter use we observe that in our model with composite Sµν we used the identity (36) to invert T , then the
Hamiltonian equation (29) has been written in the form (40), the latter can be compared with (52).
Contracting (48) with Sµν and using (49) we obtain
d
dτ (S
µνSµν) = 0, that is, square of spin is a constant of motion.
Contraction of (50) with Pµ gives (PSθx˙) = 0. Contraction of (50) with (x˙θ)µ gives (Pθx˙) = 0. Contraction of (47)
with Pµ, gives
d
dτ (P
2) = − 12 (Pθx˙) = 0, that is P 2 is one more constant of motion, say k,
√−P 2 = k = const (in
2 For geometric interpretation of the spin supplementary condition in the multipole approach see [8].
8our model this is fixed as k = mc). Substituting (52) into the equations (47)-(49) we now can exclude Pµ from these
equations, modulo to the constant of motion k =
√−P 2.
Thus, square of momentum can not be excluded from the system (47)-(50), that is MPTD-equations in this form
do not represent a Hamiltonian system for the pair xµ, Pµ. To improve this point, we note that Eq. (52) acquires
a conventional form (as the expression for conjugate momenta of xµ in the Hamiltonian formalism), if we add to
the system (47)-(49) one more equation, which fixes the remaining quantity P 2 (Dixon noticed this for the body in
electromagnetic field, see his eq. (4.5) in [5]). To see, how the equation could look, we note that for non-rotating body
(pole approximation) we expect equations of motion of spinless particle, ∇pµ = 0, pµ = mc√−x˙gx˙ x˙µ, p2 + (mc)2 = 0.
Independent equations of the system (47)-(50) in this limit read ∇Pµ = 0, Pµ =
√−P 2√−x˙gx˙ x˙
µ. Comparing the two
systems, we see that the missing equation is the mass-shell condition P 2 + (mc)2 = 0. Returning to the pole-dipole
approximation, an admissible equation should be P 2 + (mc)2 + f(S, . . .) = 0, where f must be a constant of motion.
Since the only constant of motion in arbitrary background is S2, we have finally
P 2 = −(mc)2 − f(S2). (53)
With this value of P 2, we can exclude Pµ from MPTD-equations, obtaining closed system with second-order equation
for xµ. We substitute (52) into (47)-(49), this gives
∇ (T˜ x˙)
µ√
−x˙T˜ x˙
= − 1
4
√−P 2 (θx˙)
µ, (54)
∇Sµν = − 1
4
√−P 2
√
−x˙T˜ x˙
x˙[µ(Sθx˙)ν], (55)
(SSθx˙)µ = −8P 2(Sx˙)µ, (56)
where (53) is implied. They determine evolution of xµ and Sµν for each given function f(S2).
It is convenient to introduce the effective metric G composed from the ”tetrad field” T˜
Gµν ≡ gαβ T˜ αµT˜ βν . (57)
Eq. (56) implies the identity
x˙T˜ x˙ = x˙Gx˙, (58)
so we can replace
√
−x˙T˜ x˙ in (54)-(56) by √−x˙Gx˙.
In resume, we have presented MPTD-equations in the form
Pµ =
√−P 2√−x˙Gx˙(T˜ x˙)
µ , ∇Pµ = −1
4
(θx˙)µ , ∇Sµν = 2P [µx˙ν] , SµνPν = 0 , (59)
P 2 + (mc)2 + f(S2) = 0 , (60)
S2 is a constant of motion , (61)
with T˜ given in (52). Now we are ready to compare them with Hamiltonian equations of our spinning particle, which
we write here in the form
Pµ =
mc√−x˙Gx˙ (T˜ x˙)
µ, ∇Pµ = −1
4
(θx˙)µ , ∇Sµν = 2P [µx˙ν] , SµνPν = 0 , (62)
P 2 + (mc)2 = 0 , (63)
S2 = 8α , (64)
with T˜ given in (37). Comparing the systems, we see that our spinning particle has fixed values of spin and canonical
momentum, while for MPTD-particle the spin is a constant of motion and momentum is a function of spin. We
conclude that all the trajectories of a body with given m and S2 = β are described by our spinning particle with spin
α = β8 and with the mass equal to
√
m2 − f2(β)c2 . In this sense our spinning particle is equivalent to MPTD-particle3.
MPTD-equations in the Lagrangian form (54)-(56) can be compared with (41)-(43).
3 We point out that our final conclusion remains true even we do not add (53) to MPTD-equations: to study the class of trajectories of
a body with
√
−P 2 = k and S2 = β we take our spinning particle with m = k
c
and α = β
8
.
9V. LAGRANGIAN FORM OF MPTD-EQUATIONS
Here we shortly discuss some immediate consequences which can be obtained from the Lagrangian form (41)-(43),
(28) of MPTD-equations.
In the spinless limit the equation (42) turns into the geodesic equation. Spin causes deviations from the geodesic
motion due to right hand side of this equation, as well as due to presence of the tetrad field T˜ and the effective metric
G in the left hand side. In the Newtonian limit the original metric gµν(x) can be presented through the Newton
potential in which a test body is immersed. The presence of the Gµν could be thought as a contribution to this
potential when spin of the body is taken in account. Let us compute manifest form of G in the field with nearly flat
metric
gµν = ηνµ + hµν , |hµν | ≪ 1 . (65)
To linear order in hµν the curvature tensor is R
(1)
µναβ =
1
2 (hµβ,να+hνα,µβ−hνβ,µα−hµα,νβ), hence θ
(1)
µν = R
(1)
µναβS
αβ =
(hµα,βν−hνα,βµ)Sβα, where the comma denotes partial derivative. The effective metric in the weak field approximation
reads
G(1)µν = gµν −
1
8m2c2
(
ηµαS
αβθ
(1)
βν + ηναS
αβθ
(1)
βµ
)
. (66)
Let us consider the Newtonian solution to the linearized Einstein equations
h00 = −2φ, hij = −2δijφ, hµ0 = 0 , (67)
with φ = −kr . Using the three-dimensional spin-vector and the dipole electric moment (5), the time-time component
of the effective metric is
G00 = −1 + 2k
r
+
k
2m2c2r3
[
3(D · n)2 −D2] , (68)
where n = r/r. Contrary to the Newtonian solution (67) the space-time components of Gµν are different to zero
Gi0 =
3k
4m2c2r3
[(D× s)i − 2(D · n)(n× s)i − ni(D× s) · n] . (69)
For the space-space components we found
Gij = δij +
2k
r
δij +
k
2m2c2r3
{
[3nˆinˆj − 5δij ] s2 − 5sisj +DiDj
−3
2
[
(s · n)s(inj) + (D · n)D(inj)
]− 12(n× s)i(n× s)j
}
. (70)
We point out that the expressions (66)-(70) are written without any approximation with respect to spin. The
contributions due to spin over long distances will be very small, then in the Newtonian limit a spinning particle
behaves almost as a spinless one. Probably at short distances the contributions may be important; to verify this,
other geometries should be considered.
Our formulation reveals one more novel property of MPTD-equations: mean position of a rotating body will be
represented by non-commutative operators in quantum theory. Indeed, to construct the quantum theory of a system
with second-class constraints, one should pass from Poisson to Dirac bracket [41–43]. Then one look for operators of
basic variables with commutators resembling the Dirac bracket. For our case the Dirac bracket is given by (32). This
yields highly non-commutative algebra for the position variables
{xµ, xν}D = 2ω
[µπν]
M2c2
≡ S
µν
M2c2
. (71)
In the result, the position space is endowed with noncommutative structure which originates from accounting of spin
degrees of freedom. We point out that non relativistic spinning particle implies canonical algebra of position operators,
see [39, 45]. So the deformation (71) arises as a relativistic correction induced by spin. It is known that formalism of
dynamical systems with second-class constraints implies a natural possibility to incorporate noncommutative geometry
into the framework of classical and quantum theory [27, 46–49]. Our model represents an example where physically
interesting noncommutative particle (71) emerges in this way. For the case, the ”parameter of non-commutativity” is
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proportional to spin-tensor. This allowed us [33] to explain contradictory results concerning first relativistic corrections
due to spin obtained by different authors.
Consider the background metric which admits the Killing vector ξµ, ξµ;ν + ξν;µ = 0 (the semicolon means the
covariant derivative). Then the infinitesimal transformation
x′µ = xµ + εξµ(x), ε << 1 . (72)
generates isometry of the metric, that is leaves it form-invariant, g′µν(y) = gµν(y). For the spinless particle the
isometry generates the conserved quantity ∂L∂x˙µ ξ
µ. A natural question is, whether this remains true for a vector model
of spin, where the particle do not follows a geodesic trajectory? From the transformation law of ωµ
ω′µ(τ) =
∂x′µ
∂xα
ωα(τ) =
(
δµα + εξ
µ
,α
)
ωα(τ), (73)
we deduce that δωµ = ωµ(τ) − ωµ(τ) = εωνξµ ,ν , which corresponds to the transformation law of a form-invariant
vector field. By the Noether’s theorem the quantity
J (ξ) =
∂L
∂x˙µ
δxµ +
∂L
∂ω˙µ
δωµ = pµξ
µ + ξµ ,νπµω
ν , (74)
is conserved. In terms of Sµν and Pµ this coincides with that of [12], J
(ξ) = Pµξµ − 14Sµνξµ;ν . Using equations (30)
and (31), it is easy to confirm that J (ξ) is conserved. We conclude that an isometry of spinless particle remains the
isometry for the vector models of spin. However the conserved quantity acquires the spin-dependent term − 14Sµνξµ;ν .
VI. CONCLUSIONS
In this work we have presented the Lagrangian action without auxiliary variables (6) for description of spinning
particle in an arbitrary curved background. The supplementary spin conditions (27) and (28) are guaranteed by the
set of constraints (12) and (16) arising from our singular Lagrangian in the Hamiltonian formalism. Due to this,
spin has two physical degrees of freedom, as it should be for spin one-half particle. Besides, the reparametrization
invariance of the action generates the mass-shell constraint P 2 + (mc)2 = 0. The description of spin on the base of
vector-like variable allows us to construct also the Lagrangian (44) with unfixed value of spin and string-like mass-shell
constraint (46), as in the Hanson-Regge model of relativistic top. In the model (44) appeared the fundamental length
scale and spin has four physical degrees of freedom.
We showed that our spinning particle can be used to study dynamics of a rotating body in curved background: all
the trajectories of MPTD-equations with given values of integration constants,
√−P 2 = k and S2 = β, are described
by our spinning particle with m = kc and α =
β
8 . In this sense the expression (6) yields the Lagrangian formulation
of MPTD-equations, the latter correspond to minimal interaction of the particle with gravity. This demonstrates
the effectiveness of classical description of spin on the base of vector-like non Grassmann variable. We have explored
our formulation to obtain, in unambiguous way, the closed system of equations (41)-(43), (28) for the set xµ, Sµν .
Some immediate consequences of this form of MPTD-equations have been discussed in Section V. In particular, in the
Lagrangian form of MPTD-equations, instead of the original metric gµν emerges the effective metric Gµν = gµν+Hµν
with spin and field-dependent contribution Hµν . According to (39), the matrix (37), which links canonical momentum
and velocity, plays the role of a tetrad field to compose the effective metric. The effective metric determines behavior
of MPTD-particle in ultra-relativistic limit [44].
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